We present a method for the precise determination of the full elasticity tensor from a single crystal diffraction experiment using monochromatic X-rays. For the two benchmark systems calcite and magnesium oxide we show that the measurement of thermal diffuse scattering in the proximity of Bragg reflections provides accurate values of the complete set of elastic constants. This approach allows for a reliable and model free determination of the elastic properties and can be performed together with crystal structure investigation in the same experiment. 1 arXiv:1608.08061v1 [cond-mat.mtrl-sci]
I. INTRODUCTION
The elasticity tensor is the fundamental quantity for describing elastic waves and determines eventual anisotropic compression and sound velocities in crystalline materials 1 . The elastic properties define mechanical properties of materials and influence phase stability 2 . Accurate measurements of the elasticity are of principal interest for the description of seismological waves and their discontinuities, which allow for decisive conclusions on composition, temperature and pressure of Earth's interior 3 . In condensed matter physics elastic constants are important in the study of quantum phase transitions in systems with pronounced interaction of phonons with other quasi-particles. Such interaction may include electron-phonon coupling with applicability to superconductors [4] [5] [6] as well as spin-phonon coupling with interesting anomalies in low dimensional spin systems 7, 8 . The most commonly used experimental techniques to determine the coefficients of the elasticity tensor -the so-called elastic constants -are ultrasound measurements or Brillouin scattering. Ultrasound measurements are limited to relatively large crystals with well-defined faces, measurements at extreme conditions such as high pressures or high magnetic fields are very challenging. Brillouin scattering can be performed at high pressures but is difficult for opaque materials. Alternatively, the elasticity tensor can be extracted from inelastic x-ray or neutron scattering, which becomes efficient for crystals of low symmetry if combined with calculations from first principles 9 . Inelastic x-ray scattering can be performed at extreme pressures using diamond anvil cells and can be combined with low or high temperatures 10, 11 .
A complete formalism to derive ratios of elastic constants from thermal diffuse scattering (TDS) measured with energy integrating detectors has been derived in the 1960ies 12 . Historically, the thermal nature of diffuse scattering was noticed already in the 1920ies 13, 14 and the first phonon dispersion relation were in fact determined from TDS of X-rays 15 . The currently available high flux and brilliant x-ray beams from synchrotrons in combination with bi-dimensional single photon counting x-ray detectors with good quantum efficiency and no readout noise attracted new interest in TDS studies [16] [17] [18] . By the use of force constant models it is possible to determine the phonon dispersion relations, while a model-free reconstruction of the lattice dynamics can be realized only for mono-atomic crystals 19 .
In this Letter, we present a method for the precise determination of the full elasticity tensor from a single crystal diffraction experiment using a model free data analysis for arbitrary crystal symmetries. For the two benchmark systems calcite and magnesium oxide we show that the measurement of thermal diffuse scattering at two close temperatures is sufficient to obtain the full elasticity tensor in absolute units within remarkable accuracy. We discuss the influence of additional contributions to the diffuse scattering and evaluate multiple phonon scattering with help of first principle calculations using density functional perturbation theory.
II. EXPERIMENTAL DETAILS
Diffuse x-ray scattering intensities were collected in transmission geometry using a single photon counting pixel detector with no readout noise and large dynamical range. High quality single crystals were prepared by mechanical cutting and polishing; surface defects were removed by gentle etching. Temperature was controlled by a nitrogen cryostream. The experiment on calcite was conducted on ID29 at the European Synchrotron Radiation Facility (ESRF) 20 . The sample was a rectangular bar with dimensions of approximately 50 µm × 50 µm × 1.5 mm. Measurements were taken at 170 K. Monocromatic X-rays with a wavelength of λ = 0.6968Å and a microfocus of 60 µm × 30 µm were used. The sample was rotated from 0 to 100 • orthogonal to the beam with angular steps of 0.1 • . Scattering intensities were collected with a PILATUS 6M detector (Dectris, Baden, Switzerland), equipped with 300 µm thick Si pixels of size 172 2 µm 2 , at a sample-detector distance of 300 mm. Measurements on magnesium oxide were performed at the Swiss Norwegian Beamline BM01A at the ESRF where we used a cubic single crystal with edge length of 2 mm.
The sample was measured at λ = 0.68894Å and a temperature of 90 and 120 K. The crystal was rotated by 360 • with the same angular step as for calcite. Scattering intensities were recorded with a PILATUS 2M detector at a distance of 244 mm from the sample.
III. FORMALISM
Assuming the validity of both, adiabatic and harmonic approximations, the intensity of x-ray scattering from phonons for single and two phonon processes is given by
and
with
respectively; see Refs. 17, 18 for a description in modern notation. Here, N is the number of unit cells, I inc the incident beam intensity, f the atomic scattering factor of atom a with mass m and (anisotropic) Debye Waller factor W . ω denotes the eigenfrequency and e the eigenvector of the phonon with wavevector q (equal to the reduced momentum transfer) and branch ν. Q is the total scattering vector, τ the atomic basis vector within the unit cell and V the unit cell volume, T the temperature and k B the Boltzmann constant. For small q the scattering intensities
and single phonon scattering is thus dominated by the contribution of the acoustic phonons.
Within the theory of elastic waves in crystals the equation of motion is given by
where c i jlm is the tensor of elastic constants, ρ the mass density and k = kn and ω are the wave vector and the frequency of the elastic waves, respectively 1 .
For fitting the elastic constants to the experimental intensities in the vicinity of Bragg reflections we calculate the scattering intensities as the sum of the contributions from the three acoustic branches. We therefore solve the equation of motion (Eq. 4) for a given crystal symmetry and cal- Given a set of experimental intensities I exp Q,T measured at T over a set of reciprocal space points Q ∈ Q exp in the proximity to Bragg reflections, we find the elasticity tensor c by solving the optimization problem
where I calc Q,T is the calculated intensity containing contributions from one-phonon and eventually (n > 1)-phonon processes. c, b and g are the fit parameters. In order to reduce the free parameters c is constrained to the crystal symmetry. b and g are kept constant in the vicinity of individual Bragg reflections. Such approximation for b is justified by the fact that diffuse scattering due to additional contributions varies much less across reciprocal space than TDS for small q. The variation of corrections for absorption, polarisation and planar projection is small for the employed scattering geometry at small q and thus justifies the approximation for g.
Solving the minimization problem Eq. 5 requires that the diffuse scattering is due to phonon scattering only. It can provide absolute values of the elastic constants if absolute intensities are known. If not, the elastic tensor is determined upon a single scaling factor and the absolute values of the elastic constants can be obtained if constraint to the adiabatic bulk modulus via the ReussVoigt-Hill relation.
Another option consists of measuring scattering intensities at slightly different temperatures. In fact, diffuse scattering from static disorder, air scattering, and fluorescence displays a much smaller temperature dependence than TDS, and can therefore be isolated in a difference measurement.
For experimental data at two slightly different temperatures T 1 and T 2 measured in the same geometry we can solve the minimization problem
which we call multi-temperature method. It neglects the variation of the elastic constants over the temperature interval T 1 ,T 2 . The intensity difference must be compared to the variations of the Bose factor coth ω q,ν 2kT , which is approximately proportional to the temperature at high temperatures ( ω > kT ). This implies that, at constant c, the intensities measured at T 1 and T 2 are almost proportional to each other if one-phonon processes are predominant. Therefore, at such high temperatures, only ratios of elastic constants can be obtained if the scattering intensities are unknown on an absolute scale. At lower temperatures the acoustic branches span two regions, a low fre-quency one with ω kT and one with higher frequencies ω > kT . In such case the intensities of the two measurements become linearly independent. The knowledge of T determines the absolute scale to which ω compares, and, as a consequence, absolute values of the elastic constants can be obtained even for unknown absolute intensities. The temperature must be low enough so that the condition ω > kT is realized in regions of q where the elastic approximation is fulfilled.
IV. LATTICE DYNAMICS CALCULATIONS
Lattice dynamics calculations were carried out from first principles employing density functional perturbation theory 21 as implemented in the CASTEP code 22, 23 . For both, calcite and magnesium oxide we used the local density approximation within a plane wave basis set and pseudopotentials of the optimized form 24 . The sampling of the electronic structure and the plane wave cut-off energy were chosen to ensure the convergence of internal forces to < 1e −3 eV/Å. The acoustic sum rule was enforced to ensure translational symmetry. Eigenfrequencies and eigenvectors of the acoustic branches were replaced in order to reproduce the elastic approximation close to Γ. Fourier interpolation was employed for the computation of dynamical matrices at arbitrary q. Experimental scattering intensities and calculated TDS from the fitted elastic constants in the elastic approximation for first order scattering are shown for selected regions of reciprocal space in Fig. 1 . The plotted values are obtained from the irregular experimental data grid by inverting the interpolation equation. We do this using a few iterative steps and a Thikonov regularisation term.
Diffraction patterns that contain Bragg peaks were removed from the data treatment, because such images are affected by secondary scattering effects 26 .
The elastic constants as obtained from fitting intensities of an ensemble of individual pixels are reported in Table I . Eq. 5 was used to determine c upon a single scaling factor and the abso- 
Ref. 27 Ref. 27 c 11 rescaled by computing I 1 (Q) and I 2 (Q) including all phonon branches. A fit of elastic constants to these computed scattering intensities for the same ROI results in a maximal relative deviation of 1.2 % if optical phonons are considered and only 0.8 % maximal relative deviation if second order phonon scattering is included (see Table I ).
B. Magnesium oxide measured at two temperatures
The diffuse scattering in MgO at T = 90 K is much less structured than the one of calcite due to the higher cubic crystal symmetry, see Fig. 1 . For fitting the elastic constants both methods, Eq.
5 and 6, were employed considering diffuse scattering in the proximity of 78 of the most intense Bragg reflections. The results are reported in Table II . Fitting a single temperature with Eq. 5 is performed to obtain c upon a uniform scaling factor. Due to the large discrepancy in c 12 the values are scaled to the experimental value of c 11 from ultrasound measurements instead of applying a scaling to the bulk modulus. The results are rather unsatisfactory compared to literature data 27 .
This demonstrates the influence of additional diffuse scattering due to elastic scattering. We thus employ the multi-temperature method (Eq. 6) and fit the intensity differences of diffuse scattering measured at two close temperatures, 90 and 120 K, see Fig. 1 . The data seems noisy, but fitting the ensemble of approximately 1.7 × 10 7 pixels is sufficient for a well converged result. Using this strategy we obtain accurate values of the full elasticity tensor in absolute units, presented in Table   II . scattering, are more difficult to treat and its contribution and scattering conditions are discussed elsewhere 26 . Here, we exclude all diffraction patterns that may be affected by such effects. If the diffuse scattering close to Bragg reflections is affected by elastic scattering the multi-temperature method might be a good choice. This method is based on the fact that TDS has a much stronger temperature dependence than other sources of diffuse scattering. Elastic and quasi-elastic contributions can thus be subtracted to a good approximation. Absolute values of the elasticity tensor can finally be obtained if the temperature interval is chosen such that the intensities become linear independent. This is shown for MgO. In addition to TDS we observe elastic diffuse scattering which we attribute to crystal defects. A careful measurement of absolute intensities may be a promising alternative to extract absolute values of the elastic constants but is likely less practical.
In this study we compute the Debye Waller factors from first principles. However, they can also be obtained from experiment using x-ray diffraction employing the same scattering geometry. 
